Abstract. In a paper written in 1876 [4] , Felix Klein gave a formula relating the number of real flexes of a generic real plane projective curve to the number of real bitangents at non-real points and the degree, which shows in particular that the number of real flexes cannot exceed one third of the total number of flexes. We show that Klein's arguments can be made rigorous using a little of the theory of singularities of maps, justifying in particular his resort to explicit examples.
ii) There are 27 lines on a smooth, complex cubic surface. Over the reals, there can be 27, 15, 7 or 3 lines [2] .
iii) Using Weierstrass form y 2 −x(x−1)(x−α) = 0 for the equation of a smooth cubic plane curve, one sees easily that there are always exactly 3 real flexes, whereas there are 9 over the complex.
Inspired by a paper of Zeuthen [10] , F. Klein [4] proves that for a real, smooth, generic curve of degree n, one has Theorem I. w ′ + 2t ′′ = n(n − 2)
where w ′ denotes the number of real flexes and t ′′ the number of real bitangents at a pair of complex conjugate points (or bitangents of type t ′′ for short -we have adopted Klein's notation).
In particular, there are at most n(n − 2) real flexes, whereas there are 3n(n − 2) over the complex. Klein also gives a formula for generic curves with ordinary cusps and double points, that we will not consider here.
Klein's method consists in deforming a given curve into a smooth, generic one with n(n − 2) flexes and no bitangent of type t ′′ . During the deformation, non-generic curves are encountered, in the neighborhood of which w ′ and t ′′ may change. He proves that they do change only when passing through a curve with a degenerate flex, a point at which the tangent intersects the curve with multiplicity 4. When crossing the stratum of such curves, on one side there are curves having a real line bitangent at two close real points, between which there are two real flexes. Coming close to the stratum, the two tangency points and the two flexes come to coincide, and when moving to the other side, the two flexes disappear, and the two points of tangency become imaginary (an explicit example of such a deformation can be obtained by taking the images by the map (x, y) → (x 2 , y) of circles of diameter 1 centered at the point (t, 0), when t varies from 1/4 to 3/4 -see Figure 1 ). During such a deformation, w ′ decreases by 2 and t ′′ increases by 1, and therefore w ′ + 2t ′′ remains unchanged. This is in fact the key argument. The curve with the maximal number of real flexes is obtained as a small deformation of a curve consisting of conics if n is even, conics plus a cubic if n is odd.
In [8] , O. Ya. Viro proves a generalized Klein's formula using integration with respect to Euler characteristic, and a similar formula is proved in [9] by C. T. C. Wall, by using in an essential way transcendental topology.
Klein's approach is still of interest, because it provides examples of curves where the maximal number of n(n − 2) real flexes is reached. In addition, his method can be used to show Theorem II. Curves with any admissible number of real flexes exist :
Our goal is to interpret Klein's arguments in terms of assertions on the singularities of the universal map naturally associated to the incidence relation of a curve of degree n and a line (see Section 2). In particular, the key argument reduces essentially to observe that on the celebrated swallow-tail singular locus ( [7] , page 82 and our Figure 2 ), the curve of double points has two parts, one where two real sheets of the surface intersect, and another, which is a continuation of the previous, but is usually not drawn, where two imaginary sheets of the surface intersect; the two parts are separated by the most singular point of the surface, where the curve of double points and the cuspidal edges meet. 1. First strata. We begin by recalling some general facts about the singularities of maps that we shall use. We refer to [3] for the material needed, but will recall all the basic facts. The singular loci Σ 1 k . We work simultaneously in the real and complex case. Let U ⊂ C
n be an open subset and f : U → C n be a holomorphic map, or U ⊂ R n and f : U → R n a C ∞ map. We set
, using the implicit function theorem we may assume that after a change of coordinates in the source and target of f , it can be written as f (x 1 , . . . , x n ) = (x 1 , . . . , x n−1 , g(x 1 , . . . , x n )) with ∂g ∂xn (x 0 ) = 0. We shall say that f is Σ 1 -transversal if
Note that the equation of
and therefore Σ 1 -transversal means that the above equation is of maximal rank, and hence it defines a smooth hypersurface near x 0 . We define now the notion of Σ 1 k -transversal and the flag of subvarieties
where the symbol 1 k is an abbreviation for 1, . . . , 1 k . We set
and say that f is Σ 1 k (f )-transversal if the above set of equations is of maximal rank.
Note that Ker (df x 0 ) equals the x n -axis, and therefore 
Finally, we set
If f : X n → Y n is now a proper C ∞ or holomorphic map between smooth manifolds, the singular loci Σ 1 k (f ) ⊂ X and the Σ 1 k -transversality can be defined with the previous definitions in local coordinates. If f is Σ 1 k -transversal for all k, then we have a flag of smooth subvarieties:
A more formal and conceptual approach can be found for example in [3] , Part II, § 3 (our Σ 1 k ,0 is written S 1 k there). It was proved by B. Morin (see [3] , Part II, Theorem 4.1) that
, then there exist coordinates systems on X and Y , sending x 0 and f (x 0 ) to the origin, in which f has the form
Self intersections: the singular loci M h f,
and shall say that f is
More notation: we set
and denote by
consisting of points that do not belong to higher self-intersections:
R e m a r k 1.1. Consider a map of the form
where x ∈ R n , u ∈ R k , g : U → R n , and set g u (x) = g(x, u). It is immediate that if, for a fixed u, g u is Σ 1 h -transversal in a neighborhood of x for h ≤ k, then f is Σ 1 h -transversal in a neighborhood of (x, u) for h ≤ k, and that
Example 1.2. All the types of singularities and their mutual positions that we shall need are those of codimension at most 3; they can all be contemplated on the following example. Let
and from there one can calculate that
3 ), and so its closure
) composed with the latter parametrization reads:
3 ). For a complete picture, we still need to produce the singular strata M 2 (Σ 1,1,0 , Σ 1,0 ) and
). This can be done by taking the disjoint union of F and the map Figure 2 ).
The universal incidence relation map for curves of degree n and lines. Let
n denote the vector spaces of homogeneous polynomials of degree n with complex and real coefficients respectively. We denote by
the associated projective spaces. Let P 2 C and P 2 R denote respectively the complex and real projective plane.
When we mean either complex or real spaces, we drop the subscripts C and R. Denote byP 2 C , respectivelyP 2 R , the dual projective planes, namely the space of lines of P 2 , or equivalentlyP
We define the Zariski open subsets of P n,C and P n,R , respectively:
n,R is connected, because the subspace of P n,R of curves containing a line has codimension
We assume henceforth that n ≥ 3, without any loss of flexes. The universal incidence relation is defined to be the variety
and the universal incidence relation map
is the restriction to W of the natural projection
fixed, the set of equations φ(x) = 0, f (x) = 0 inP 2 × P 0 n is of maximal rank, from which it follows that W is a smooth variety.
Denote by T :P 2 × P 0 n → P 0 n the natural projection and set S = T • θ : W → P 0 n . We have a commutative diagram of maps:
We can view the map θ as the family of maps θ f , [f ] ∈ P 0 n . The fiber of θ f over the line [φ] is constituted by the intersection V (f ) ∩ V (φ). Studying the singularities of the map θ f amounts to study the possible special intersections of a line and the curve V (f ): the theorem below shows that if V (f ) is smooth,
is the set of bitangents, and Σ 1,1 (θ f ) identifies to the set of flexes of V (f ).
Theorem 2.1.
⇐⇒ the restriction of f to the line ℓ has a zero of multiplicity exactly k + 1 at x.
The map θ is transversal to the Σ 1 k 's and to the
P r o o f. We may alternatively consider θ as a family of maps θ ℓ : W ℓ → P 0 n , where
W ℓ is smooth, since the natural map W ℓ →P 2 is a fiber bundle. We will show that for each ℓ, θ ℓ has the required transversality properties and interpretation of the singular loci, and the theorem will follow from Remark 1.1. Note that for fixed ℓ, θ ℓ is an extension of the universal family of polynomials of degree n on the line ℓ, as shown by its local expression ♥ below, and it is therefore no surprise that it satisfies the required transversality properties. Anyway, we give a formal proof now.
Let
First we introduce local coordinates on the various projective spaces and on W . We may assume that [ 
defines local coordinates on W ℓ near z, using which θ ℓ reads:
It follows also that
which is the space of polynomials in two variables u, v of degree n, with a k+1,0 = 1, whose restriction to ℓ vanishes of order at least k at x, and transversality to M h (Σ 1 k 1 , . . . , Σ 1 k h ) follows from the fact that given distinct x 1 , . . . , x h ∈ C and positive integers k 1 , . . . , k h such that k 1 + 1 + . . . + k h + 1 ≤ n, the linear conditions imposed on polynomials of degree n in one variable to have roots of multiplicity at least k i + 1 at x i , i = 1, . . . , h are linearly independent.
Corollary 2.2. There exists a non-empty Zariski open subset
, to which it is transversal. P r o o f. For a smooth subvariety X ⊂ W , denote by S(X) crit the set of non-regular values of the map S|X :
n,C is algebraic of codimension at least 1, and we may take Ω n,C = P 0 n,C \ K.
For the real case, we set Ω n,R = Ω n,C ∩ P 0 n,R . The set K in the proof of the corollary above is the "catastrophy set" of the family of maps θ f : W f →P 2 × P 0 n , and Ω n is the set of "generic curves". For our purposes, we need to analyze more in detail the set K. We do this in the next section.
Controlling flexes and bitangents. Let
which is the restriction to Σ 1,1 (θ R ) of the projection of S R : W R → P 
0 , φ can be written in suitable local coordinates near z as (z 1 , . . . , z N ) → (z 3 1 , z 2 , . . . , z N ), and therefore in the real case it is a local homeomorphism at those points. We first need a lemma, that we work out over the reals, leaving to the reader to check the validity of the complex analogue, in which case C ∞ must be replaced by holomorphic. Let U ⊂ R N be open and ρ : U → R N a C ∞ map. For x ∈ U , the k-th derivative of ρ at x is a homogeneous map of degree k:
Consider the composition
is intrinsic, which means that it is affected only by the linear part of the local diffeomorphisms near x and ρ(x); the conditions d h ρ x = 0, 1 < h ≤ k also are preserved by coordinate changes. This ensures that the hypothesis in the next lemma are preserved by coordinate changes.
In fact, d k ρ x is a restriction of the k-th intrinsic derivate introduced by Porteous [5] .
Then there exist coordinate systems near x 0 and φ(x 0 ) in which ρ reads:
P r o o f. We may assume that x 0 = 0 and that
Let u(x) be a local equation of Σ(ρ) near 0. Since
, there exists a function v(x) in a neighborhood of 0 such that
, and so
Evaluating at x = 0 shows that
, which implies that ∂u ∂x1 (0) = 0. We can therefore choose x ′ 1 = u(x) as a new first coordinate. In the new coordinates, again denoted by x 1 , . . . , x N , the local equation of Σ(ρ) near 0 is x 1 = 0 and so
, with g 1 (0) = 0. After changing perhaps the sign of the first coordinate in the target, we may assume that g 1 (0) > 0. If we take the new coordinate
then ρ has the desired form. P r o o f o f P r o p o s i t i o n 3.1. Let E = R 2 or C 2 , ℓ 0 ⊂ E be a line and let ℓ ′ be distinct from ℓ, ℓ 0 ∩ ℓ ′ = {x 0 }. Then the lines in a neighborhood of ℓ 0 can be viewed as graphs of affine maps ℓ : ℓ 0 → ℓ ′ . Any vector x ∈ E can be uniquely decomposed as
Denote by i ℓ0 : ℓ 0 → E the natural inclusion and by L(ℓ 0 , ℓ ′ ) the space of affine maps from ℓ 0 to ℓ ′ ; then the line corresponding to ℓ ∈ L(ℓ 0 , ℓ ′ ) is the image of the map i ℓ0 + ℓ : ℓ 0 → E, and x ∈ E is on that line if and
where U is some affine coordinate system containing [f ], we have the following equations for our various spaces:
There is a decomposition
where K 2 is an algebraic subset of codimension 2 in M 2 , and all the other strata, except M
) and smoothness at the points stated are general facts for maps with the transversality properties proclaimed in Proposition 3.1. One can check them on the explicit Example 1.2, where K 2 is empty.
n , Ker(dψ z ) ⊃ Ker(dθ) z , and so dψ z is not bijective.
). We will use the local coordinates on P 2 ×P 2 × P 0 n , notation and expressions of tangent spaces to the various strata introduced in the proof of Proposition 3.1. Let z = (x, 0, 0) ∈ Ker(dθ z0 ) ∩ Ker(dψ z0 ); since z 0 ∈ Σ 1,1,0 , z ∈ T (Σ 1,0 ) z0 and dθ z0 (z) = 0, and since
, and df x0 = 0, then
and so (0, ℓ, 0) | ℓ(x i ) = 0, i = 0, 1 ⊂ Ker(dψ z0 ).
We prove now Theorem I. The control map for real flexes is φ R : Σ 1,1 (θ R ) → P 0 n,R , whereas the control map for bitangents of type t ′′ is the restriction ψ t ′′ :
∈ Ω n,R , we denote by w ′ (f ) the number of real flexes on V (f ) and by t ′′ (f ) the number of its bitangents of type t ′′ .
P r o o f. We can find a path in Ω n,R that misses the ramification loci of codimension not smaller than 2 of the control maps φ R and ψ t ′′ , and is transversal to those of codimension 1, namely: 1) Both for real flexes and bitangents of type t ′′ :
and φ R (∆ 0 R ). 2) For bitangents of type t ′′ only:
and
It follows from point 2) of Proposition 3.1 that φ R is a local homeomorphism near points of ∆ F (x 1 , x 2 , x 3 ) = (x 1 , x 2 , x 4 3 + x 2 3 x 1 + x 3 x 2 ). As explained in Section 1, if z ∈ Σ 1,1,1,0 (θ), in a suitable system of coordinates around z and θ(z), the map θ reads: (x 1 , x 2 , x 3 , u) → (F (x 1 , x 2 , x 3 ), u). . If we call (X 1 , X 2 , X 3 ) the three coordinates in the target of F , we see that
Recall the parametrizations:
F M 2 (F, Σ 1 , Σ 1 ) : x 3 → (−2x
